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Supplementary Information Text
Numerical Implementation of Axisymmetric Magnetostrophic MHD Equations
Axisymmetric Decomposition of the Governing Equations under the Magnetostrophic Approximation. Following the work of
Hollerbach (1), we have developed the numerical model described here to quantify how steady, axisymmetric meridional
circulations, driven by gyroscopic pumping, can act to generate polar magnetic minima. For axisymmetric flows under the
Boussinesq approximation (∇·U = 0, ∂/∂φ = 0, here U is the velocity and φ is the azimuthal angle), we adopt the axisymmetric
decomposition for solenoidal fields:
B(r, θ) = ∇× (Aeˆφ) +Beˆφ, [S1]
U(r, θ) = ∇× (ψeˆφ) + veˆφ. [S2]
In the axisymmetric decomposition, (Br, Bθ) = ∇× (Aeˆφ) is the poloidal magnetic field while Beˆφ is the toroidal magnetic
field. The non-dimensional momentum equation under the zero inertia limit is
2zˆ ×U+∇Π = (∇×B)×B+ATWT~r + E∇2U, [S3]
and the non-dimensional electromagnetic induction equation is
∂B
∂t
= ∇× (U×B) +∇2B, [S4]
where Π is the non-hydrostatic pressure, T is the temperature perturbation, zˆ is the unit vector parallel to the spin-axis, and ~r
is the radial vector from the center of the coordinate system. In this normalization, the length scale is the radius of the core RC ;
the time scale is the magnetic diffusion time R2C/η in which η is the magnetic diffusivity; the magnetic field scale is
√
µ0ηρ0Ω
in which µ0 is the magnetic permeability, ρ0 is the fluid density, and Ω is the background rotation rate; the temperature scale
is Ωη/αg0RC in which α is the thermal expansivity and gravity is ~g = g0~r such that g0 is the gravitational acceleration at the
model’s core-mantle boundary (CMB); ATW is a coefficient used to vary the strength of the thermal forcing; and the Ekman
number is defined as E = ν/ΩR2C in which ν is the kinematic viscosity.
Due to the adoption of the magnetic diffusion time as the time scale, there is no need to define a magnetic Prandtl number,
Pm = ν/η, and the amplitude of the non-dimensional velocity here is simply the magnetic Reynolds number, Rm = |u˜|RC/η,
associated with the dimensional flow u˜. The amplitude of the non-dimensional magnetic field here is the square-root of the
Elsasser number associated with the dimensional magnetic field B˜, where the Elsasser number Λ is defined as Λ = |B˜|2/µ0ηρ0Ω.
There are three control parameters in our numerical experiments: 1) the Ekman number E; 2) the amplitude of the thermal
forcing ATW ; and 3) the amplitude and geometry of the imposed poloidal magnetic field. We quantify the amplitude of the
imposed magnetic field with the Elsasser number Λimp. The geometry of the imposed magnetic field are varied via different
combinations of associated Legendre polynomials. In our model, current-free poloidal magnetic field with varying amplitudes
and geometries have been imposed through appropriate magnetic boundary conditions. See subsection Magnetic Boundary
Conditions for details.
The above non-dimensional momentum equation under the axisymmetric decomposition becomes
2 ∂
∂z
ψ + ED2v = −N(B,A), [S5]
2 ∂
∂z
v − ED4ψ = M(B,B) +M(D2A,A) + ∂T (r, θ)
∂θ
, [S6]
in which
D2 = ∇2 − 1
r2 sin2 θ , [S7]
N(X,Y ) = eˆφ · [∇× (Xeˆφ)×∇× (Y eˆφ)], [S8]
M(X,Y ) = eˆφ · ∇ × [Xeˆφ ×∇× (Y eˆφ)]. [S9]
The flows in our models are driven by the latitudinal gradient of the axisymmetric temperature field, ∂T (r, θ)/∂θ, the rightmost
term in Eq. [S6]. This temperature pattern, T (r, θ), is taken from a three-dimensional dynamo calculation described below in
section Thermal Forcing. There is no 1/r factor in front of the ∂T/∂θ term due to the use of the radial vector ~r instead of
the unit vector in the radial direction rˆ for the buoyancy term.
Under the axisymmetric decomposition, the non-dimensional induction equation becomes
∂A
∂t
+ 1
s
∇× (ψeˆφ) · ∇(sA) = D2A, [S10]
∂B
∂t
+ s∇ ·
[
B
s
∇× (ψeˆφ)
]
= s(∇×Aeˆφ) · ∇ω +D2B, [S11]
in which s = r sin θ and ω is the angular velocity ω = v/s. In this axisymmetric system, we do not consider any dynamo
α-effect.
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Spectral Equation for Numerical Calculations.Given that D2 =
(
∇2 − 1/s2
)
is the diffusion operator in the MHD equations
under axisymmetry in the spherical coordinates, the natural functional bases to express ψ, v, A, and B are order-1 associated
Legendre polynomials P 1n(cos θ), for which(
∇2 − 1
s2
)
P 1n(cos θ) = −n(n+ 1)
r2
P 1n(cos θ). [S12]
It should be emphasized here that order-1 associated Legendre polynomials are only functions of θ (e.g. Chapters 8 and 12 in
(2)).
Projecting ψ, v, A, and B onto P 1n yields
ψ =
Nmax∑
n=1
ψn(r)P 1n(µ), [S13]
v =
Nmax∑
n=1
vn(r)P 1n(µ), [S14]
A =
Nmax∑
n=1
an(r)P 1n(µ), [S15]
B =
Nmax∑
n=1
bn(r)P 1n(µ), [S16]
where µ = cos θ.
For the diffusion operators, it can be shown that
D2n =
[
d2
dr2
+ 2
r
d
dr
− n(n+ 1)
r2
]
, [S17]
D4n =
[
d4
dr4
+ 4
r
d3
dr3
− 2n(n+ 1)
r2
d2
dr2
− 4n(n+ 1)
r3
d
dr
+ n
2(n+ 1)2 − 2n(n+ 1)
r4
]
. [S18]
For the ∂/∂z operators,
∂
∂z
= sθ ∂
∂r
− sin θ
r
∂
∂θ
, [S19]
∂
∂z
v =
Nmax∑
n=1
[
dvn
dr
µP 1n(µ) +
vn
r
(
1− µ2
) dP 1n
dµ
]
. [S20]
Making use of the following two recurrence properties,
µP 1n =
(n+ 1)P 1n−1 + nP 1n+1
2n+ 1 , [S21]
(
1− µ2
) dP 1n
dµ
= (n+ 1)
2P 1n−1 − n2P 1n+1
2n+ 1 , [S22]
and adopting full normalization to the associated Legendre polynomials, one can show that the left-hand-sides of the momentum
equations, [S5] and [S6], can be recast as√
(n+ 1) (n− 1)(
n+ 12
) (
n− 12
) (dψn−1
dr
− n− 1
r
ψn−1
)
+
√
(n+ 2)n(
n+ 32
) (
n+ 12
) (dψn+1
dr
+ n+ 2
r
ψn+1
)
+ ED2nvn, [S23]
√
(n+ 1) (n− 1)(
n+ 12
) (
n− 12
) (dvn−1
dr
− n− 1
r
vn−1
)
+
√
(n+ 2)n(
n+ 32
) (
n+ 12
) (dvn+1
dr
+ n+ 2
r
vn+1
)
− ED4nψn.
Nonlinear Terms. The nonlinear terms associated with operators M & N are evaluated in real space first, then project onto P 1n
(3).
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Mechanical Boundary Conditions.The no-slip mechanical boundary condition reads
ψn =
d
dr
ψn = 0, [S24]
vn = 0, [S25]
while the free-slip mechanical boundary condition reads
ψn =
d2
dr2
ψn = 0, [S26]
dvn
dr
− vn
r
= 0. [S27]
Magnetic Boundary Conditions.The vacuum outer boundary condition for magnetic field is
bn(ro) = 0, [S28]
dan
dr
+ n+ 1
r
an = Bn0 , [S29]
here Bn0 is the projection of the imposed magnetic field onto P 1n . For example, to impose a uniform magnetic field of amplitude
Bimp in the z direction, one would set B10 =
√
3Bimp and Bn>10 = 0 (see Fig S1 panel (c) for an associated example). The
√
3
factor comes from the normalization of the associated Legendre polynomials. To impose a magnetic field with more complex
geometry, e.g. Bz + cBs, one could set B10 =
√
3Bimp, B30 =
√
3cBimp, and Bn>30 = 0 (see Fig S1 panel (d) for an associated
example). The finite conducting steady-state inner boundary condition for magnetic field is
dbn
dr
− n
r
bn = 0, [S30]
dan
dr
− n
r
an = 0. [S31]
Thermal Forcing
Thermal Forcing
-600
-480
-360
-240
-120
0
120
240
360
480
600
Magnetic Field Lines 
(Imposed)
b) c) d)a)
0
200
400
600
800
1000
1200
1400
1600
1800
Fig. S1. Thermal forcing pattern a) T (r, θ) and b) ∂T (r, θ)/∂θ, shown with amplitudeATW = 600. The temperature scale is Ωη/αg0RC , in which RC is the radius of
the core, Ω is the background rotation rate, α is the thermal expansivity and g0 is the gravitational acceleration at the CMB. This pattern is the result of a single three-dimensional
self-consistent dynamo run carried out using the community dynamo code MagIC (https://magic-sph.github.io/). c) Axial imposed poloidal magnetic field, Bz . d) ‘Mixed’
imposed poloidal magnetic field, Bz + cBs, where c = 30%.
The pattern of the thermal wind forcing ∂T (r, θ)/∂θ shown in Figure S1b drives the flow in our axisymmetric, magnetostrophic
models through the rightmost term in Eq. [S6]. This pattern is taken from a single three-dimensional global geodynamo
simulation carried out with the following parameter values (E,Ra, Pr, Pm) = (10−4, 5× 107, 1, 2). The solution is an axial
dipole dominant dynamo solution. The thermal wind forcing pattern ∂T (r, θ)/∂θ comes from the time and azimuthal average of
the solution over 2 magnetic diffusion times. The mechanical boundary conditions are non-slip and the spherical shell geometry
is Earth-like, with a radius ratio rICB/rCMB = 0.35. Fixed homogeneous heat flux conditions are adopted at the top and
bottom boundaries with zero heat sources in the outer core. The Ekman number is defined here as
E = νΩD2 , [S32]
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the Prandtl number is defined as
Pr = ν
κ
, [S33]
the Magnetic Prandtl number is defined as
Pm = ν
η
, [S34]
and the Rayleigh number is defined as
Ra = αg0q0D
4
kκν
, [S35]
where ν is the kinematic viscosity, Ω is the rotation rate, D = ro − ri is the shell thickness, ro and ri are the outer and inner
boundary radii respectively, α is the thermal expansivity, g0 is the gravitational acceleration on the core mantle boundary, k is
the thermal conductivity, κ is the thermal diffusivity, and η is the magnetic diffusivity, and q0 is the outer boundary heat flow.
The open-source numerical dynamo code MagIC has been used for the three-dimensional global geodynamo simulation
(https://magic-sph.github.io/). Here, we used MagIC to solve the following non-dimensional governing equations under the
Boussinesq approximation.
∇ · u = 0, ∇ ·B = 0, [S36]
E(∂u
∂t
+ u · ∇u) + 2ez × u+∇Π = E∇2u+ RaE
Pr
r
ro
T + 1
Pm
(∇×B)×B, [S37]
∂B
∂t
= ∇× (u×B) + 1
Pm
∇2B, [S38]
∂T
∂t
+ u · ∇T = 1
Pr
∇2T, [S39]
where u is the velocity, B is the magnetic field, Π is the non-hydrostatic effective pressure, T is the temperature perturbation.
We have fixed the pattern of the thermal forcing in all our numerical magnetostrophic runs. The underlying physical picture
for this assumption is that it is the expected convective flows that determines the main thermal structure of the outer core:
warm TC (relatively inefficient convective cooling inside TC compared to that at mid-latitude), cold mid-latitude (very efficient
convective cooling of mid-latitude via large-scale columnar convection), warm equatorial region (inefficient convective cooling
since convective motion is preferred in the direction perpendicular to the equatorial plane). Such thermal structure would give
rise to the thermal forcing pattern investigated here: negative ∂T (r, θ)/∂θ in the northern TC, positive ∂T (r, θ)/∂θ outside TC
in the northern hemisphere, while the southern hemisphere is simply antisymmetric to that in the north (see Fig. S1). We do
expect such general pattern, not the amplitude, to remain independent of the Ekman, Rayleigh number as long as the resulted
magnetic field are dipolar. We further examined 3D global numerical dynamo models with Ekman number varying from 10−4
to 10−6, and found the same bulk temperature features: warm TC, cold mid-latitude, and warm equatorial regions.
The amplitude of the thermal forcing is set by the value of ATW . ATW of 300 would give rise to a total zonal velocity shear
within the TC, defined as Rm(uφ, TC)max −Rm(uφ, TC)min, around 100, while ATW of 6000 would give rise to a total zonal
velocity shear within the TC around 2000.
Gyroscopic Pumping Describes a Balanced State
We emphasize that steady meridional flows, regardless being of thermal plume origin or of Lorentz force origin, is in the
same magnetostrophic balance as investigated in our study. The steady-state force/vorticity balance equations (equations [7],
[S5], [S6]) describe the equilibrium state of the system, without specifying whether it is the meridional circulation (thermal
plume) that drives the zonal flow (polar vortex) or it is the zonal flow that drives the meridional circulation. In steady state,
the system is in the same force/vorticity balance. Sreenivasan and Jones (4, 5) are important works on tangent cylinder
magnetohydrodynamics. We would like to point out that equation [7] in Sreenivasan and Jones (4) is the same as our equation
[S5].
Within the framework of meridional circulation driven polar magnetic minima, the defining factor on the resulted polar
magnetic minima is not the upwelling flow uz, but the cylindrical radial flow us. Although uz and us are related through mass
conservation, strong upwelling flow does not necessarily result in consistent large-scale cylindrical radial out flow. As a counter
example, thin downwelling channels could fulfill the requirement of mass conservation. For steady large-scale cylindrical radial
flow us within the Earth’s outer core, the Coriolis force associated with it is most likely balanced by the Lorentz force, as
shown by equations [S5] (in which the first term on the LHS is us, while the term on the RHS is the Lorentz force) and Fig.
S5ab. This is also true under non-axisymmetry, since pressure gradient cannot balance z-varying flows and us associated with
upwelling must be z-varying to conserve mass. As shown by our scaling equation [5] and dynamical magnetostrophic models,
steady meridional circulation features magnetic Reynolds number on the order of
√
Λ(Br,θ)
√
Λ(Bφ). Under the condition of
the Earth’s outer core, there is no obvious candidate to balance meridional circulation much stronger than this. Thus, this
suggests that large-scale meridional circulation with Rm much greater than unity, if exist within Earth’s outer core, likely is
strongly time varying.
4 of 13
Global 3D Numerical Dynamo Simulations
The snapshot magnetic fields shown in Figure 4 are from a subset of global 3D numerical dynamo simulations, the force-balance
of which have been reported in (6). Please see the Method section in (6) for the exact equations and normalization.
In particular, we selected various E cases from (6) in which Rm(uφ, TC) ∼ 200. In all three cases, the boundary conditions
are fixed temperature, no-slip, and potential magnetic fields. The non-dimensional control parameters in these three selected
cases are (E,Ra, Pr, Pm) = (10−4, 7× 106, 1, 1), (E,Ra, Pr, Pm) = (10−5, 108, 1, 1), (E,Ra, Pr, Pm) = (10−6, 3× 109, 1,
0.5) respectively. The supercriticality are very similar for all three Ekman number cases: it is ∼10 for the E = 10−4 run, ∼10
for the E = 10−5 run, and ∼ 15 for the E = 10−6 run.
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Fig. S2. Panel a) shows radial magnetic field patterns on the outer boundary (CMB) of no-slip models with E = 3× 10−6,ATW = 600, and an axial Λimp = 1 imposed
magnetic field (black line). The red (blue) line shows the radial field in the kinematic (dynamic) calculation. Panel b) and c) show the resulting patterns of zonal velocity (left),
meridional circulation (center) and meridional magnetic fields (right), respectively, in the kinematic and dynamic cases.
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Fig. S3. Zonal flows inside the tangent cylinder in two dynamic runs under the same forcing and parameters with no-slip (upper panels) and free-slip (lower panels) mechanical
boundary conditions. The left most panels show the total zonal flows, the middle panels show the z-invariant zonal flows, and the right most panels show the z-varing zonal
flows. The Ekman is 3× 10−6, the amplitude of the thermal wind forcingATW = 600, and the imposed magnetic field is a uniform Bz field with amplitude Λ(Bz) = 1. It
can be seen that under the same thermal wind forcing, similar z-varing zonal flows were generated, but very different z-invariant zonal flows results from the violation of Taylor’s
constraint under different mechanical boundary conditions. In both cases, the amplitude of the z-invariant zonal flows exceeds that of the z-varing zonal flows.
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Fig. S4. Scaling of polar magnetic minima |dBr|/|Bmaxr | in dynamic runs as a function of Ekman number at differentATW . It can be seen that the resulted |dBr|/|Bmaxr |
at differentATW features similar scalings with the Ekman number in our dynamic surveys. However, the amplitude of |dBr|/|Bmaxr | does not scale linearly withATW . For
example, |dBr|/|Bmaxr | only increases by a factor of 3 to 5 when we increaseATW by a factor of 10 (from 300 to 3000). We do expect the slope of |dBr|/|Bmaxr | to be
a function ofATW , since the slope is controlled by the Lorentz force which would scale withATW . The derived scaling of polar magnetic minima are 2.2E1/4, 3.15E0.24,
4.74E1/5 , 3.9E0.17 forATW = (300, 600, 3000, 6000) free-slip cases, and 1.06E1/8, 1.52E0.115 forATW = (300, 600) no-slip cases.
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Fig. S5. Zonal Lorentz force, meridional circulation, and zonal (toroidal) magnetic field from our numerical surveys. Panel a & b shows that the zonal Lorentz force is locally
balanced by the Coriolis force; this balance drives us while mass conservation drives uz which completes the meridional circulation. Panel c shows a slice of meridional
circulation us inside the tangent cylinder at 75 degrees latitude from a suite of dynamic calculations, and that from the corresponding kinematic calculation at E = 3× 10−6.
Panel d shows that the peak amplitude of Bφ inside the tangent cylinder follows a E1/5 scaling in the dynamic calculations. Bφ results from the ω-effect, thus serves as a
measure of the mis-alignment between the zonal flow and the poloidal magnetic field.
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Fig. S6. Scaling of polar magnetic minima |dBr|/|Bmaxr | in dynamic runs as a function of Ekman number with different geometries of imposed magnetic field (see Fig. S1).
In these cases,ATW = 3000, Λimp = 1, and free-slip mechanical boundary conditions have been adopted. It can be seen that the geometry of the imposed axisymmetric
magnetic field does not fundamentally alter the amplitude and scaling of the resulted polar magnetic minima (cf. 7). Thus, our results are robust to variations in axisymmetric
field geometry.
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Fig. S7. Relative amplitude of polar magnetic mimina, |dBr|/|Bmaxr |, as a function of the Elsasser number of the imposed magnetic field in the dynamic calculations, Λimp.
The value of |dBr|/|Bmaxr | reaches its maximum in the range Λimp ' 1 - 10. The relative amplitude of the polar magnetic minima drops rapidly for both Λimp . 1 and
Λimp & 10.
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Fig. S8. Amplitude of maximum |Bφ| inside the TC as a function of the Elsasser number of the imposed magnetic field in our dynamic calculations. Panel a shows the
amplitude of maximum TC |Bφ| in unit of the square root of the Elsasser number
√
Λmax
φ
, while panel b shows the ratio of maximum TC |Bφ| to the amplitude of the
imposed magnetic field
√
Λmax
φ
/Λimp. These results show that i)
√
Λmax
φ
never exceeds 2 and that ii)
√
Λmax
φ
/Λimp decreases rapidly as Λimp increases above
unity in our dynamic calculations. This further illustrates the strong feedback from the Lorentz force which better aligns the zonal flow with the poloidal magnetic field as
Λ(Br,θ) increases beyond 1.
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Movie S1. Time series of axisymmetric CMB Br from a 3D numerical dynamo simulation. The non-
dimensional control parameters are (E,Ra, Pr, Pm) = (10−6, 3× 109, 1, 0.5), and the resulted Rm(uφ, TC) ∼ 200.
The vertical dashed lines in the movie denote the boundary of tangent cylinder. It can be seen that there
exist no significant polar magnetic minima in this low Ekman number 3D run except during a few snapshots.
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